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Abstract. Shapes of nearly cylindrical sections of axisymmetric phospholipid membranes are studied the-
oretically. Describing the shape of such sections by their deviation from a reference cylinder, the well-
established shape equation for axisymmetric bilayer membranes is expanded in terms of this deviation,
and it is then solved analytically. The phase diagram shows the resulting stationary shapes as functions of
system parameters and external conditions, i.e., the pressure difference across the membrane, the mem-
brane tension, the difference between the tensions of the two monolayers, and the axial force acting on the
vesicle. The accuracy of the approximate analytical solution is demonstrated by comparison with numerical
results. The obtained analytical solution allows to extend the analysis to include shapes where numerical
methods have failed.

PACS. 87.16.-b Subcellular structure and processes – 87.16.Dg Membranes, bilayers, and vesicles –
82.70.-y Disperse systems; complex fluids

1 Introduction

A phospholipid vesicle in an aqueous medium represents
the simplest system for studying the basic physical prop-
erties of membranous systems with closed surfaces. A sig-
nificant such property is the equilibrium shape of a flac-
cid vesicle. Such shapes depend on vesicle volume, on
membrane characteristics and on forces exerted on the
membrane [1,2]. The equilibrium shape of an unsupported
phospholipid vesicle can be predicted by the minimization
[3–6] of the local and nonlocal bending contributions [7,8]
to the membrane elastic energy, and of a strained vesicle
by the minimization of the sum of these energies and the
potential energies of the applied forces [9,10].

In many instances vesicles involve tubelike sections.
Such sections represent the middle part of some vesicles
with small volumes with regard to the membrane area
[11]. Long tubular vesicle sections are also formed when
vesicles are strained by a point force as, for instance, in
tether pulling experiments [12,13]. The cylindrical mem-
brane formations frequently occur in cells, e.g. as cell or-
ganelles or their interconnections [14,15]. Thus, a partic-
ular theoretical analysis of the shape behavior of tubular
phospholipid vesicle sections seems to be justified.

Hitherto the occurrence of tubelike sections has been
studied theoretically mostly by investigating the stabil-
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ity of a long cylindrically shaped membrane with respect
to the deformational modes. In these studies the defor-
mational modes are small sinusoidal deformations, along
the tube and in the orthogonal direction. Ou-Yang and
Helfrich analyzed [16] the stability of cylinders by consid-
ering the local bending energy with included spontaneous
membrane curvature. They indicated that sufficiently neg-
ative spontaneous curvature may transform a cylinder into
a tapelike form, whereas sufficiently positive spontaneous
curvature may transform it into a string of beads. Bukman
et al. [17] extended these studies by adding into the energy
functional of the system the nonlocal bending term and
a term representing the axial force pulling on the vesicle.
They presented the phase diagram showing the domain
within which a cylinder is stable, and identified the most
unstable deformational modes in the domains where the
cylinder is not stable.

The above stability analyses predict the shapes within
the noncylindrical domains of the phase diagram only par-
tially because the most unstable deformational modes give
some indications of tubular shapes only nearby the bound-
aries of the cylindrical domain. However, it is of interest
to reveal vesicle shape behavior within the whole range
of the system’s parameters. The vesicle shapes can be ob-
tained by solving the shape equation that is the result
of minimizing the corresponding energy functionals. Here,
the shapes will be obtained by solving the shape equation
that is based on the minimization of the membrane local
and nonlocal bending energies. In particular, an analytical
solution will be provided for shapes of nearly cylindrical
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vesicle sections by taking into consideration the finite
lengths of these sections. We limit ourselves to the ax-
isymmetric shapes of tubular vesicle sections. In a com-
plementary work, Zhang [18] recently obtained a set of
nonaxisymmetric solutions of the general membrane shape
equation [19] for a long tubular vesicle section where the
cross-section of the obtained shapes does not vary along
the section.

2 Differential equation for nearly cylindrical,
axisymmetric section

The shape equation for the phospholipid vesicle is ob-
tained by varying the sum of the local and nonlocal bend-
ing energy at given vesicle volume (V ) and membrane
area (A) [1,2]. The extrema of the elastic energy at given
conditions correspond to the stationary shapes of the
vesicle. The local bending energy (Wb) is expressed by
1
2kc

∫
(C1 + C2 − C0)2dA, where kc is the bending mod-

ulus, C1 and C2 are the principal curvatures, and C0 is
the spontaneous membrane curvature, whereas the non-
local bending energy (relative stretching energy, WRE) is
expressed by kr

2Ah2 (∆A−∆A0)2, where kr is the nonlocal
bending modulus, h is the distance between the neutral
surfaces of the outer and the inner monolayer, ∆A is the
difference between the areas of the outer and the inner
monolayers that is equal to h

∫
(C1 + C2)dA, and ∆A0

is the corresponding equilibrium area difference [20–22].
For a fixed distance between the poles of an axisymmetric
vesicle (Z̄) the corresponding functional is written in the
form

G = Wb +WRE−µ(V −V0)+λ(A−A0)−f(Z̄− Z̄0) , (1)

where µ, λ and f are the Lagrange multipliers that guar-
antee fixed vesicle volume, membrane area and distance
between the vesicle poles (V = V0, A = A0 and Z̄ = Z̄0).

The variational procedure of the functional can be first
performed at given ∆A, and the stationary G(∆A) depen-
dence can be obtained. The variation of G with respect to
∆A gives at equilibrium (∂G/∂∆A = 0), ∂Wb/∂∆A =
−dWRE/d∆A. For analysing the shape behavior of the
cylindrical vesicle section, it is convenient to define the
difference between the lateral tensions of the membrane
monolayers (ν = dWRE/d∆A), which is equal to [10]

ν =
kr

Ah2
(∆A − ∆A0) . (2)

The difference between the lateral tensions is positive
when the outer monolayer is more stretched than the inner
one. Accordingly, the variations of G with respect to V ,
A and Z̄, respectively, show that the pressure difference
(µ = ∂Wb/∂V ) is defined as positive when the pressure
in the vesicle is larger than in the surroundings, that the
lateral tension (λ = −∂Wb/∂A) is positive when the mem-
brane is stretched, and that the axial force (f = ∂Wb/∂Z̄)
is positive when it stretches the vesicle along the axis.

The variation of the functional G with respect to the
membrane shape [6,10] leads to the axisymmetric ver-
sion [23] of the general membrane shape equation [19]
and to the boundary condition at vesicle poles. The
corresponding shape equation was presented previously
(Eq. (17) of Ref. [24]) for zero spontaneous curvature. By
considering also the spontaneous curvature of the bilayer
(C0), the shape equation reads

2R sin3 ψ ψ′′′ + 8R sin2 ψ cos ψ ψ′′ψ′ − 4 sin2 ψ cos ψ ψ′′

−R sin ψ(sin2 ψ − 2 cos2 ψ)ψ′ 3 − sin ψ(4−7 sin2 ψ)ψ′ 2

+
(

4C0 sin ψ − RC2
0 +

sin2 ψ − 2 cos2 ψ

R

)
sin ψ ψ′

−
(

2λR

kc
+

4νh

kc
sin ψ

)
sin ψ ψ′ + C2

0 sin ψ

− sin ψ(1 + cos2 ψ)
R2

− 2µR

kc
+

2λ sin ψ

kc
= 0 , (3)

where R is the distance between the symmetry axis and a
point on the contour of the membrane, and ψ is the angle
made by the surface normal and the symmetry axis and
is defined through the relation

cotψ = −R′ . (4)

The prime in equations (3) and (4) denotes differentiation
with respect to the position along the symmetry axis (Z).
The axial force (f) appears only in the boundary condition
at the two poles. In the case of the pulling force at the
vesicle poles the boundary condition [24] (in the limit R →
0) reads

ψ = − fR

4πkc
ln R . (5)

Because we are looking for the shape of a nearly cylin-
drical axisymmetric section of the membrane, we can ex-
pand the shape equation in small deviations from the
cylinder. The contour of an almost cylindrical section of
the axisymmetric membrane can be expressed as

R(Z) = R0 + U(Z) , (6)

where R0 is the reference radius and U describes the devi-
ation. For almost cylindrical sections ψ is approximately
π/2, and thus we can, by using equations (4) and (6), ex-
pand sinψ, cosψ, ψ′, ψ′′ and ψ′′′ as a function of U . By
neglecting the nonlinear terms in U , we have

sin ψ = 1 , cos ψ = −U ′ , ψ′ = U ′′ ,

ψ′′ = U ′′′ , ψ′′′ = U (IV) . (7)

Substituting equations (6) and (7) into equation (3) and
neglecting nonlinear terms, we obtain the fourth-order dif-
ferential equation

R4
0U

(IV) +
(

1
2
− λR2

0

kc
− 2νhR0

kc
− C2

0R2
0

2
+2C0R0

)
R2

0U
′′

+
(

1 − µR3
0

kc

)
U − µR4

0

kc
+

λR3
0

kc
− R0

2
+

C2
0R3

0

2
= 0 . (8)
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Fig. 1. The diagram shows the values of the pressure differ-
ence across the membrane (µ/kc) and the lateral tension in the
membrane (λ/kc+C2

0/2) at which tubular sections are possible.
There is one solution for the radius of the reference cylinder be-
low curve A and there are two solutions between curves B and
A. Tubular sections cannot exist for the values of the param-
eters out of these two regions. Curve B is obtained by setting
expression (11) to zero. The dotted lines correspond to the val-
ues of the expression νh/kc−C0−f/(2πkc) = −8×106 m−1 (a),
−4×106 m−1 (b), 0 (c), 4×106 m−1 (d), and 8×106 m−1 (e).

This equation shows that an ideal cylinder (U =const=0)
is a solution povided that

2µR3
0 − 2λR2

0 + kc − kcC
2
0R2

0 = 0 (9)

is fulfilled. It is to be noted that equation (9) is equivalent
to the radial equilibrium condition for the cylinder [16,
17]. Equation (9) also represents the equation to fix the
reference radius R0 in such a way that U will be small
for nonideal but nearly cylindrical solutions. Once equa-
tion (9) is satisfied by our choice of R0, we are left with a
homogeneous linear differential equation for the deviation
U of the shape from the reference cylinder.

Because the nearly cylindrical membrane shapes often
occur in axially strained vesicles [10,25], it is appropri-
ate to complement the present analysis by determining
the interrelation between the pulling axial force and the
radius of the reference cylinder. In order to obtain this in-
terrelation we require that the correspondingly expanded
third-order differential equation for the membrane shape,
which is obtained by integrating equation (3) [26] and tak-
ing into account the boundary condition (Eq. (5)), is sat-
isfied along the nearly cylindrical section up to the first
order. This requirement gives the relationship between µ,
λ, ν, f and the reference radius R0 in the form

fR0 + πµR3
0 − 2πλR2

0 − 2πνhR0 − πkc(1 − C0R0)2 = 0 .
(10)

Equation (10) can also be identified as the longitudinal
equilibrium condition for the cylinder because the same
equation is obtained by the variation of the corresponding
thermodynamic potential for the cylinder with respect to
its length [17].
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Fig. 2. The dependence of the radius of the reference cylin-
der (R0) on the parameter λ/kc + C2

0/2. The full lines rep-
resent these dependences for µ/kc = −4 × 1019 m−3 (A),
−2× 1019 m−3 (B), 0 (C), 2× 1019 m−3 (D), and 4× 1019 m−3

(E), whereas the dotted lines represent these dependences for
the expression νh/kc − C0 − f/(2πkc) = −8 × 106 m−1 (a),
−4×106 m−1 (b), 0 (c), 4×106 m−1 (d), and 8×106 m−1 (e).
The dashed curve shows the dependence of the critical cylinder
radius on the lateral tension.

3 Analytical solutions for nearly cylindrical,
axisymmetric section

3.1 The reference radius of the cylindrical section

The cubic equation such as equation (9) for R0 cannot
have real and positive roots for arbitrary values of its co-
efficients. Therefore, it is of interest to determine at what
values of the parameters a nearly cylindrical section can
exist, i.e., at what values of the pressure difference (µ) and
lateral tension (λ) equation (9) has real, positive roots for
the radius of the reference cylinder (R0). The results of
the root analysis are shown in Figures 1 and 2. Figure 1
shows that for µ < 0 a single solution (i.e. a single real,
positive root) for the reference radius exists at any λ. For
µ > 0, there are two solutions for the reference radius
when

27kcµ
2 − (2λ + kcC

2
0 )3 < 0 , (11)

and there are no solutions for the reference radius when
this condition is not fulfilled. By setting expression (11) to
zero, we obtain a boundary line of the region of solutions
of equation (9) (the dashed line B in Fig. 1). The two
solutions for the reference radius merge at this boundary
line into a single one (critical radius R0,crit.).

It is instructive to determine also the interdependence
between the system parameters (µ, λ and ν) and the ax-
ial force (f) for cylinders. By eliminating R0 from equa-
tions (9) and (10), we obtain the relationship between the
pressure difference (µ), the lateral tension (λ) and the ex-
pression νh/kc−C0−f/(2πkc). The values of the pressure
difference and the lateral tension for some constant values
of the latter expression are presented in Figure 1. At pos-
itive values of µ there are two values for the expression
νh/kc − C0 − f/(2πkc). That is reflected in Figure 1 by
the two branches of the dotted curves d and e, of which one
corresponds to the larger radius of the cylinder whereas
the other to the smaller radius.
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The dependence of the radius of the reference cylin-
der on the lateral tension is obtained by solving equa-
tion (9) for given values of µ (full lines in Fig. 2). These
dependences show that the same radius can be realized
at different values of the parameters. The smaller radius
of the cylinder increases while the larger one decreases
by decreasing λ or by increasing µ. The insertion of the
obtained interdependence between µ and λ for the bound-
ary line (expression (11) equal to zero) into equation (9)
yields the dependence of the critical cylinder radius on µ
or on λ, R0,crit. = 3

√
kc/µ =

√
3kc/(2λ + kcC2

0 ) (dashed
line in Fig. 2). To find out the corresponding value of the
expression νh/kc−C0−f/(2πkc) for a given radius of the
reference cylinder and the lateral tension, we eliminate µ
from equations (9) and (10) and obtain(

λ

kc
+

C2
0

2

)
R2

0+2
(

νh

kc
− C0 − f

2πkc

)
R0+

3
2

= 0 . (12)

The dependence of R0 on the parameter λ/kc + C2
0/2 for

some values of the expression νh/kc − C0 − f/(2πkc) is
also shown in Figure 2 (dotted lines).

The dependence of R0 on the parameters µ and λ
for some limiting cases is instructive. For large R0 and
λ � kcC

2
0 the bending energy is negligible and the radius

of the reference cylinder can be expressed by the law of
Laplace (R0 = λ/µ). For small µ the radius of the ref-
erence cylinder is expressed by R0 =

√
kc/(2λ + kcC2

0 )
where 2λ + kcC

2
0 must be positive. The larger radius

for the small, positive pressure difference is expressed by
R0 = (λ + kcC

2
0/2)/µ. For small λ + kcC

2
0/2 the radius of

the reference cylinder is expressed by R0 = 3
√−kc/(2µ)

(µ must be negative).

3.2 Types of deviations from the reference cylinder

We obtain different types of deviations from the refer-
ence cylinder by solving equation (8) that becomes, by
taking into consideraton equation (9), the homogeneous
linear differential equation for U . The solutions of the
homogeneous differential equation for U have the form
U = BeikZ , where the amplitude B and the wave num-
ber k are in general complex quantities. By inserting this
solution into the differential equation for U , the fourth-
order equation for the dimensionless product of the wave
number and the reference radius (kR0) is obtained:

(kR0)4 +
(

1
2
− λR2

0

kc
− 2νhR0

kc
− C2

0R2
0

2
+2C0R0

)
(kR0)2

+
(

1 − µR3
0

kc

)
= 0 . (13)

In order to express the solutions for the product kR0

more transparently, we introduce the dimensionless lateral
tension (λ̄) as (λ/kc +C2

0/2)R2
0 and the dimensionless dif-

ference between the lateral tensions (ν̄) as (νh/kc−C0)R0.
By using equation (9) and the definition for the dimension-
less lateral tension, the pressure difference is a simple func-
tion of λ̄ (µ = kc(λ̄ − 0.5)/R3

0). Thus, the single solution
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Fig. 3. The phase diagram for the shape behavior of an axi-
symmetric tubular membrane as a function of the dimension-
less lateral tension and dimensionless difference between the
lateral tensions (λ̄-ν̄ phase diagram). The Roman numbers
(from I to IV) indicate domains for which the basic functions
are the ones given in the corresponding columns in Table 1.
These domains are separated by curves A and B. Curve A is
obtained by setting to zero the inner root of equation (14),
and curve B is obtained by setting to zero equation (14) for
the negative sign in front of the inner root. The pressure dif-
ference between the inner and the outer medium is positive for
cylindrical sections that lie to the right of the dashed line C
(µ = 0 curve) and the axial force is positive for nearly cylin-
drical sections that lie above the dashed line D (f = 0 curve).

for the radius of the reference cylinder that corresponds
to negative pressure differences is realized at λ̄ < 0.5. In
the case of positive pressure differences, for the smaller
radius of the cylinder the value of λ̄ lies in the range be-
tween 0.5 and 1.5, while for the larger radius the value
of λ̄ is larger than 1.5. Namely, by rewriting equation (9)
as λ = λ(µ,R0) and differentiating this expression with
respect to R0, we obtain that for λ̄ < 1.5 the derivative
dλ/dR0 is negative, which is characteristic for the smaller
radius of the cylinder (cf. Fig. 2), and for λ̄ > 1.5 this
derivative is positive, which is characteristic for the larger
radius of the cylinder. The value of λ̄ for cylinders of the
critical radius (R0,crit.) is 1.5.

The four roots of equation (13) expressed by the di-
mensionless parameters are

kR0 = ±1
2

√
1−2λ̄−4ν̄±

√
4(λ̄+2ν̄)2+12λ̄−8ν̄−23 . (14)

The obtained dependence of the wave number k on λ̄, ν̄
and R0 completely describes the parameter dependence
of the different types of the membrane shape deviations.
Namely, by the use of equation (9) we could eliminate
either λ̄ or R0 from equation (14) and express the wave
number k alternatively either in terms of µ, ν̄ and R0 or
in terms of µ, λ and ν, respectively.

The inspection of equation (14) shows that at differ-
ent values of the parameters λ̄ and ν̄ the wave numbers
corresponding to the four solutions may have completely
different values and character. We can identify four do-
mains of different types of membrane shape deviations,
which can be conveniently presented in a form of the phase
diagram (Fig. 3). The shape of the tubular section can be
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Table 1. Even (E) and odd (O) basic functions for four dif-
ferent types of the shape behavior of axisymmetric tubular
membranes. The components of the wave numbers (α and β)
and the wave numbers (kII,1, kII,2, kIII,1, kIII,2, kIV,1 and kIV,2)
that appear in the basic functions are given in the legend.

domains I II III IV

basic
E

sinhβZ sinαZ
coshβZ cosαZ

coshkII,1Z
coshkII,2Z

coskIII,1Z
coskIII,2Z

coshkIV,2Z
coskIV,1Z

functions
O

coshβZ sinαZ
sinhβZ cosαZ

sinhkII,1Z
sinhkII,2Z

sinkIII,1Z
sinkIII,2Z

sinhkIV,2Z
sinkIV,1Z

α =

√
1 − 2λ̄ − 4ν̄ +

√
24 − 16λ̄

√
8R0

, β =

√
2λ̄ + 4ν̄ − 1 +

√
24− 16λ̄

√
8R0

kII,1 = kIV,2 =

√
2λ̄ + 4ν̄ − 1 +

√
4(λ̄2 + 4ν̄2) + 16λ̄ν̄ + 12λ̄ − 8ν̄ − 23

2R0

kII,2 =

√
2λ̄ + 4ν̄ − 1 −

√
4(λ̄2 + 4ν̄2) + 16λ̄ν̄ + 12λ̄ − 8ν̄ − 23

2R0

kIII,1 = kIV,1 =

√
1 − 2λ̄ − 4ν̄ +

√
4(λ̄2 + 4ν̄2) + 16λ̄ν̄ + 12λ̄ − 8ν̄ − 23

2R0

kIII,2 =

√
1 − 2λ̄ − 4ν̄ −

√
4(λ̄2 + 4ν̄2) + 16λ̄ν̄ + 12λ̄ − 8ν̄ − 23

2R0

in general described as a linear combination of two even
and two odd basic functions. The phase diagram shows
the type of these basic functions in dependence on the pa-
rameters λ̄ and ν̄. The corresponding wave numbers and
the components of the wave numbers are given in Table 1.
In domain I the deviation of the membrane shape from
the cylinder is a sinusoidal function with exponentially
decreasing amplitude (damped undulation). In domain II
the shape of the membrane is described by the sum of ex-
ponential functions involving two different characteristic
lengths. In domain III the shape of the membrane is the
sum of two sinusoidal functions. In domain IV the devia-
tion is given by the sum of a sinusoidal function and an
exponential function. The obtained types of basic func-
tions indicate that the values of the parameters λ̄ and ν̄
for long close to ideal tubelike shapes lie in domains I or II
where deviations from the cylinder decrease exponentially.

In Figure 3 the region of positive pressure differences is
divided from the region of negative pressure differences by
the dashed curve C. Furthermore, after expressing equa-
tion (12) in terms of the dimensionless parameters (λ̄ and
ν̄), we can obtain an equation for the dependence of the
axial force (f) on these dimensionless parameters. The ob-
tained equation shows that negative axial forces are below
the line for f = 0 (the dashed line D) in the phase diagram
and that positive forces are above it.

In order to better conceive the predicted behavior of
nearly cylindrical membrane sections, the wave numbers,
or their real and imaginary components, are presented
in Figure 4 as a function of λ̄ for a constant value of ν̄
(ν̄ = 0). It can be seen that the transitions between differ-
ent shape domains exhibit a variable behavior with respect
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Fig. 4. The dependence of the product of the wave numbers
(or their real and imaginary components for domain I) and
the radius of the cylinder on the dimensionless lateral tension
(λ̄ = λR2

0/kc+C2
0R2

0/2) for ν̄ = 0. Curves kIII,1 and kIII,2 show
the absolute values of the wave numbers if the parameter λ̄ is
smaller than −√

8−1.5 (domain III). Curves α and β show the
absolute values of the real and of the imaginary component of
the product kR0 if the parameter λ̄ ranges between −√

8− 1.5
and

√
8− 1.5 (domain I). Curves kII,1 and kII,2 show the abso-

lute values of the wave numbers in the range of the parameter
λ̄ between

√
8−1.5 and 1.5 (domain II). Curves kIV,2 and kIV,1

show the absolute values of the wave numbers if the parameter
λ̄ is above 1.5 (domain IV). The dotted lines indicate different
domain boundaries.

to merging, branching, vanishing or arising of the real and
imaginary components of the wave numbers. The nearly
cylindrical shapes belonging to domains I and II are re-
alized at values of λ̄ around zero. At larger dimensionless
lateral tensions, where the difference between the inside
and the outside pressure is positive, there is a tendency
in the system for the increase of the volume per length of
the cylindrical section. At pressure differences larger than
kc/R3

0 (within domain IV) this tendency causes a sinu-
soidal deformation of the cylindrical section because more
volume can be accommodated under a given membrane
area in the case of sinusoidal deformation. This effect is
analogous to the Rayleigh instability [27] in the sense that
a large positive pressure difference can be reduced by the
sinusoidal deformation. At sufficiently negative dimension-
less lateral tensions the axial force is negative and there
is a tendency for shortening the vesicle section due to the
action of the compressing axial force. Within domain III,
i.e., at axial forces smaller than −√

8πkc/R0 for ν̄ = 0,
thus, the tendency in the system for shortening the vesi-
cle section also causes the cylindrical section to deform
sinusoidally.

The dependence of shapes of the nearly cylindrical sec-
tions on the difference between the lateral tensions of the
membrane monolayers (ν̄) can be interpreted in a simi-
lar manner. The sinusoidal deformation mainly occurs at
negative values of ν̄ (domain III in Fig. 3). Because in
most parts of domain III the force is negative, the reason
for this deformation can be the compressing axial force,
as already discussed. However, at negative values of ν̄, the
sinusoidal deformation may arise also due to the tendency
of the system to increase the difference between the areas
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of the outer and the inner monolayer (∆A). Namely, the
difference between the lateral tensions of the monolayers
(ν) increases proportionally by increasing ∆A (Eq. (2)).
Within domain III a large negative difference between the
lateral tensions can be then reduced by the sinusoidal de-
formation of the cylindrical section because the area differ-
ence between the monolayers per length of the cylindrical
section is larger for the waved tubular section than for
the cylinder. This effect can be related to the already dis-
cussed occurrence of the sinusoidal deformation at large
positive pressure differences. There the pressure difference
is reduced whereas here the difference between the lateral
tensions is reduced upon the deformation. The importance
of the latter effect is clearly evidenced at the values of the
parameters lying between curves A, B and D in Figure 3
where the negative difference between the lateral tensions
can be reduced by the sinusoidal deformation even if the
axial force is positive.

4 Conclusions and an application

In this work we studied first the dependence of the radius
of the nearly cylindrical section on parameters defining the
system’s conditions (µ, λ and ν). The radius of these sec-
tions depends only on the pressure difference (µ) and the
lateral tension (λ) (Eq. (9)) because the area difference,
which is a conjugated parameter to the difference between
lateral tensions (ν), does not depend on the radius of the
cylinder. However, the radius of the reference cylinder can
be also expressed by the equation that relates all three sys-
tem parameters with the axial force (f) (Eq. (10)). From
the demonstrated interdependence between the pressure
difference and the lateral tension at given ν and f in Fig-
ure 1 we can infer what are the separate relations between
µ, λ, ν and f . At fixed pressure difference and lateral ten-
sion the relation between ν and f is simple in that the
difference between the lateral tensions and the axial force
are related linearly.

We also determined the limitations for possible val-
ues of the parameters. For the positive pressure difference
between the inner and the outer medium the nearly cylin-
drical sections exist only at sufficiently large values of the
lateral tension (expression (11)). At positive pressure dif-
ferences and sufficiently large lateral tensions there are
two possible radii for the cylindrical sections. The anal-
ysis presented does not give any formal limitations for
the value of the difference between the lateral tensions of
the membrane monolayers (ν). However, if ν is too large,
the membrane certainly disintegrates. Otherwise, we can
estimate the typical value of ν in the tether pulling exper-
iments by using equation (2). From given values for the
nonlocal bending modulus, the area of the vesicle mem-
brane and the distance between the neutral surfaces of
the monolayers (kr = 4.1 × 10−19 J, A = 103 µm2 and
h = 2.8 nm [13]), the estimated value of ν, for the tether
length of 100 µm, is in the order of 10−4 N/m. This value
of ν is of the same order of magnitude as a change in the
lateral tension (λ) in these experiments [13].

Then we determined the basic functions for the shapes
of nearly cylindrical axisymmetric sections of vesicles for
a complete variety of possible system’s conditions defin-
ing the behavior of the system (µ, λ and ν). The different
types of shape deviations depend on all three parameters
but the values for the wave numbers can be expressed by
only two independent parameters (cf. Eq. (13)). A possi-
ble convenient way to describe the different types of devi-
ations is to express the dimensionless product of complex
wave numbers and cylinder radius (kR0) in terms of the
parameters λ̄ and ν̄ that define a combination of the sys-
tem’s conditions (Tab. 1). The shape equation (Eq. (3))
that determines the basic functions describes the possi-
ble stationary axisymmetric configurations of membranes.
Thus, at given values of the parameters the described
shapes do not necessarily correspond to stable configu-
rations.

The analysis presented provides the analytical descrip-
tion of nearly cylindrical, axisymmetric shapes for an ar-
bitrary length of the cylindrical vesicle section. This ana-
lytical description can also be discussed in relation to the
stability analysis of long cylinders [17]. For long cylindri-
cal vesicle sections, the deviation from the cylinder within
domains I and II (Fig. 3), where the deviation of the
membrane shape from a cylinder is described by a sinu-
soidal function with exponentially decreasing amplitude
and by the sum of exponential functions involving two
different characteristic lengths, respectively, is negligibly
small throughout most of the length of the cylindrical sec-
tion. This result is in accord with the result of stability
analysis since the range of parameters for domains I and
II, where long cylindrical sections are expected, coincides
with the range of parameters, where the long cylinders
are stable with respect to axisymmetric deformations [17].
Our analysis confirms the existence of long cylinders in do-
mains I and II, and additionally shows that the cylinders
adjust to the rest of the vesicle by exponential (domain
II) or damped undulatory (domain I) deviations.

We also predicted the shapes of nearly cylindrical vesi-
cle section within domains (domains III and IV in Fig. 3)
where the long cylinders were shown to be unstable to-
wards axisymmetric deformations [17]. In domain IV the
shape deformation of the central part of a long tubular
section can be described by a sinusoidal function with a
single wavelength, whereas in domain III the shape de-
formation consists of two sinusoidal functions with two
different wavelengths. At the ends of the tubular section,
in domain IV the ajustment of the shape deformation to
the rest of the vesicle is described by exponential function.

Because we limit ourselves only to the study of ax-
isymmetric shapes, the analytical description for nearly
cylindrical shapes may not be generally applicable. It was
shown that at certain values of parameters long cylinders
are unstable towards nonaxisymmetric deformations [17,
18]. In our phase diagram (Fig. 3) the regions of this kind
of instabilities for long cylinders are below the zero force
line (the dashed line D) and for λ̄ < −2.5. Hence, a long
tubular section described by a sum of two sinusoidal func-
tions exists only in a small region between curves A, B and
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Fig. 5. The shape of a vesicle with the relative volume (vesicle
volume divided by the volume of a sphere enclosed by the mem-
brane of the same area A) 0.306. The vesicle axial cross-section
(full line) is represented by the upper part of the contour for
one half of the vesicle exhibiting equatorial mirror symmetry.
The dashed curve represents enlarged deviation of the contour

from the reference cylinder (100 × (R(Z) − R0) + R0)
√

4π/A,

where R0 = 0.2042
√

A/(4π) . The contour of the vesicle was
obtained by numerically solving [1] equation (3) for ν = 0 and
C0 = 0.

D in Figure 3, and a long tubular section described by a
single sinusoidal function exists in domain IV only above
curve D.

The phenomena of the sinusoidal deformations of tube-
like membrane sections are analogous to the Rayleigh in-
stability. In the case of tubelike membrane sections, the
elastic energy of the membrane is also an important fac-
tor. Our analysis points to a new possible cause for the
occurrence of the instability. Namely, the tubelike mem-
brane sections can be deformed sinusoidally also due to
the altered difference between the lateral tensions of the
membrane monolayers when the inner monolayer is more
stretched than the outer one.

As already noted, the occurrence of a cylindrical sec-
tion is a characteristic for vesicles with small relative
volumes. Observed [11] as well as numerically obtained
(Fig. 5) shapes of such vesicles have at both vesicle ends
slightly wider rounded parts, and a nearly cylindrical mid-
dle part which at a closer look shows an undulatory behav-
ior with a strongly decaying amplitude. The latter vesicle
section can be described by the present analytical solu-
tions. An advantage of the analytical description over the
numerical one is in providing a quantitative insight into
the vesicle shape behavior, which we shall briefly demon-
strate.

The vesicle in Figure 5 was chosen to have zero dif-
ference between the lateral tensions and zero spontaneous
curvature, i.e. ν = 0 and C0 = 0. Also, there are no forces
applied and therefore f = 0. Then, by using equations (9)

and (10), the value of the dimensionless lateral tension
can be obtained, λ̄ = −1.5. The position of the obtained
point (λ̄ = −1.5, ν̄ = 0) within domain I (Fig. 3) ex-
plains the damped undulatory behavior obtained numeri-
cally. By having the value of λ̄ for the treated vesicle, it is
also possible to obtain the values of the products αR0 and
βR0. By using the expressions presented in Table 1, we get
αR0 = 1.169 and βR0 = 0.605. We can compare the value
of the product αR0 with the approximate value obtained
from the numerically calculated vesicle shape (Fig. 5).
With the estimated values of the wavelength and the ref-
erence radius in the units

√
A/(4π) (1.098 and 0.2042, re-

spectively), we obtain that the approximate value of the
product αR0 is also 1.169. Furthermore, for λ̄ = −1.5,
the predicted ratio between two consecutive amplitudes is
exp(−2πβ/α) = 0.0387, which is again in agreement with
the shape presented in Figure 5. On the other hand, the
present analysis does not include the determination of the
amplitudes of the undulatory behavior. It has to be real-
ized that these amplitudes depend on the characteristics
of the noncylindrical parts of the vesicle.

The agreement between the analytical and the numer-
ical description suggests that it is possible to obtain the
contour of the tubular vesicle with small relative volume
by having the numerical solution for the nearly cylindri-
cal middle part replaced by the analytical solution. In this
case, only rounded parts at the vesicle ends are to be
solved numerically. In general, the usual numerical metods
for solving the differential equation for the whole tubular
vesicles become at larger lengths of their middle part ex-
tremely sensitive to the initial guesses of adjustable pa-
rameters. By the prescribed numerical and analytical ap-
proach it is possible to obtain the shapes of tubular vesi-
cles for arbitrary small relative volumes, and thus to ex-
tend the shape analysis to include regions of the phase
diagram where numerical methods have failed.

Other cases where the present analysis of nearly cylin-
drical sections may provide additional insights include dif-
ferent processes in which cylindrical membrane shapes
transform into noncylindrical ones, as it occurs when
pulling on a tubular vesicle [28] or when asymmetrically
varying the areas of bilayer monolayers [29]. In the de-
tailed analysis of such processes the specific external con-
ditions have to be taken into consideration, however, this
is outside the scope of this work.

References
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Rev. E 49, 5389 (1994).
23. Hu Jian-Guo, Ou-Yang Zhong-can, Phys. Rev. E 47, 461

(1993).
24. R. Podgornik, S. Svetina, B. Žekš, Phys. Rev. E 51, 544
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